Theory of Optically-Driven Sideband Cooling for Atomic Collective
  Excitations and Its Generalization by Li, Yong et al.
ar
X
iv
:0
90
6.
08
06
v1
  [
qu
an
t-p
h]
  4
 Ju
n 2
00
9
Theory of Optically-Driven Sideband Cooling for Atomic Collective Excitations and Its
Generalization
Yong Li,1 Z. D. Wang,1 and C. P. Sun2
1Department of Physics and Center of Theoretical and Computational Physics,
The University of Hong Kong, Pokfulam Road, Hong Kong, China
2Institute of Theoretical Physics, The Chinese Academy of Sciences, Beijing, 100190, China
(Dated: October 26, 2018)
We explore how to cool atomic collective excitations in an optically-driven three-level atomic ensemble,
which may be described by a model of coupled two harmonic oscillators (HOs) with a time-dependent coupling.
Moreover, the coupled two-HO model is further generalized to address other cooling issues, where the lower-
frequency HO can be cooled whenever the cooling process dominates over the heating one during the sideband
transitions. Unusually, due to the absence of the heating process, the optimal cooling of our first cooling protocol
for collective excitations in an atomic ensemble could break a usual sideband cooling limit for general coupled
two-HO models.
PACS numbers: 03.65.-w, 37.10.De, 43.58.Wc
Introduction.- Recently, quantum information processing
based on collective excitations in atomic ensembles has at-
tracted more and more attentions. Photons are good carriers
of quantum information due to their fast velocity and low leak-
age, while may not be easy to store. Naturally, it is desired to
study atomic ensembles as potential quantum memory units
of photons due to the long coherence time. Interestingly, the
form-stable dark-state polariton (DSP) [1] associated with the
propagation of quantum optical fields via electromagnetically
induced transparency (EIT) [2], was proposed in a three-level
Λ-type atomic ensemble. In the low excitations limit, DSP can
be described as a hybrid bosonic mode [3]. By controlling the
mixing angle between light and matter components of DSP,
the optical pulse can be decelerated and “trapped” via map-
ping its shape and quantum state onto meta-stable collective-
excitation state of matter. That means the quantum informa-
tion storage [1, 3, 4] can be achieved in the atomic ensembles
by adiabatically controlling the coupling.
As is known, collective excitations could also be used in
quantum communication in atomic ensembles and linear op-
tics. Since the work of Duan-Lukin-Cirac-Zoller [5], a num-
ber of protocols [6, 7, 8, 9] have been proposed to implement
robust long-distance quantum communications, quantum re-
peaters, and quantum information storages based on atomic
ensembles over long photonic lossy channels.
In a realistic atomic ensemble, a given collective-excitation
mode may have a finite thermal population due to the interac-
tion with the thermal bath at finite temperature. This means
that it is necessary to cool the thermal excitations in quantum
information processing based on atomic collective excitations.
In this Letter, we consider a driven three-level atomic ensem-
ble that can be modeled by coupled two harmonic resonators
(HOs), and then elaborate how to cool the low-frequency
collective-excitation mode near its ground state in this kind
of systems.
On the other hand, various nano- (or submicron-) me-
chanical resonators have been investigated [10] extensively
in recent years. To reveal the quantum effect in the nano-
mechanical devices, various cooling schemes [11, 12, 13, 14,
15, 16] were proposed to drive them to reach the standard
quantum limit (SQL) [17]. A famous one among them is
the optical radiation-pressure cooling scheme [12] attributed
to the (resolved) sideband cooling [13, 14, 15, 16], which
was previously well-developed to cool the spatial motion of
the trapped ions [18] or the neutral atoms [19]. Notably, our
cooling scheme for atomic ensembles is based on the side-
band structure induced by the lower-frequency mode, which
is time-dependently coupled with the higher-frequency mode
to loss its energy. Moreover, we generalize the above coupled
two-HO model to other two types of cooling model beyond the
optical radiation-pressure cooling of mechanical resonator. In
the generalized model, the lower-frequency HO can be cooled
with a usual sideband cooling limit, whose cooling mecha-
nism can also be employed to understand the cooling of col-
lective excitations in the atomic ensembles. It is remarkable
that our protocol of atomic ensemble breaks the limit of usual
sideband cooling due to the absence of counter-rotating terms
in such a coupled two-HO model.
Three-Level atomic ensemble modeled by two coupled
oscillators.- Let us consider an ensemble ofN identical three-
level atoms as seen in Fig. 1(a). A strong classical driving
light field is homogenously coupled to each atomic transition
from the metastable state |b0〉 to the excited one |a0〉. Then
the Hamiltonian reads (~ = 1 hereafter)
H = ωa
N∑
i=1
σ(i)a0a0 +ωb
N∑
i=1
σ
(i)
b0b0
+(Ωeiωdt
N∑
i=1
σ
(i)
b0a0
+h.c.),
(1)
where ωg,a,b are the corresponding energies of the atomic
states |g0〉, |a0〉 and |b0〉 respectively, and the ground state
energy ωg = 0. Ω is the coupling strength of the driving light
field (with the carrier frequency ωd), which can be assumed to
be real.
Normally, a weak quantized probe light would couple to
the transition |g0〉→|a0〉. Thus, a so-called Λ-type three-
level atomic ensemble configuration can be constructed asso-
ciated with the well-known EIT and group-velocity slowdown
phenomena. In such an ensemble, the DSP can also be ob-
tained as the superposition of the optical mode and the atomic
collective-excitation mode [1, 3, 4]. Based on the notations
2FIG. 1: (Color online) (a) Three-level atomic ensemble with most
atoms staying in the ground states |g0〉. The strong driving light cou-
ples to the transition from the meta-stable state |b0〉 to the excited
one |a0〉 for each atom. The electric-dipole transition |g0〉→|a0〉
is permitted, but |g0〉→|b0〉 is forbidden. The waved lines denote
the decay processes with γa,b the corresponding decay rates. (b)
The cooling process (|n〉b → |n− 1〉b) and (c) the heating process
(|n〉
b
→ |n+ 1〉
b
) for mode b starting form |m〉
a
|n〉
b
in the side-
band structure forming by splitting a-mode with the low-frequency
b-mode. ∆c (≡ ωa−ωb−ωd) and ∆h (≡ ωa+ωb−ωd) are the de-
tunings for the anti-Stokes (cooling) and Stokes (heating) transitions,
respectively.
of EIT and DSP, the atomic ensemble can be a unit of quan-
tum memory and be used to store the quantum information of,
e.g., the photons. Here, we focus only on the cooling of the
atomic collective excitations in the absence of the probe light
field, also noting that extensive studies have been made in the
framework of optically-pumping an individual atom into its
internal lowest-energy ground state [20].
We now introduce the bosonic operators aˆ =∑
i σˆ
(i)
g0a0/
√
N and bˆ =
∑
i σˆ
(i)
g0b0
/
√
N for atomic col-
lective excitations [3, 21], which satisfy [aˆ, aˆ†] = 1,
[bˆ, bˆ†] = 1 and [aˆ, bˆ†] = 0 = [aˆ, bˆ] in the limit of N → ∞
with low excitations. Then, Hamiltonian (1) is modeled by
the coupled two-HO model, and can be further rewritten in a
time-independent form in the rotating framework as
HI = ∆aˆ
†aˆ+ ωbbˆ
†bˆ+Ω(aˆ†bˆ + h.c.) (2)
with the detuning ∆ ≡ ωa−ωd. In the derivation of the above
Hamiltonian, we have used the rotating wave approximation
(RWA) when {|ωab − ωd| , |Ω|} ≪ (ωab + ωd) (where ωab ≡
ωa − ωb), which is always fulfilled for most realistic atoms.
Sideband cooling for atomic collective excitations.- Gen-
erally, the atomic collective-excitation modes have non-
vanishing mean thermal populations due to their couplings
to the bath at finite temperature. In experiments, the fre-
quency of the higher-frequency atomic collective-excitation,
i.e., mode a, is of the order of 2pi × 1014 Hz, which im-
plies that its mean thermal excitation number can be consid-
ered as zero even at room temperature. Usually, the atomic
ground state |g0〉 and meta-stable one |b0〉 are selected as the
atomic two hyperfine levels with the frequency difference be-
ing the order of 2pi × 109 Hz. Although there is no optical
dipole transition between |b0〉 and |g0〉 because of the elec-
tric dipole transition rule, the decay from |b0〉 to |g0〉 still
exists due to the atomic collision or some other cases, with
a very low decay rate. Such a very-low decay rate means
that the lower-energy mode b possesses a long coherence
time, which is just a distinct advantage of using the atomic
collective excitations as quantum memory units. However,
in consideration of the high initial mean thermal population
n¯b = [exp(ωb/kBT )− 1]−1 ∼ 104 ≫ 1 at room temperature
T ∼ 300 K (with kB the Boltzmann constant), it is neces-
sary to cool the atomic collective-excitation modes to their
ground states before quantum information processing based
on atomic collective excitations.
In the presence of noises, we may have the following
Langevin equation from Hamiltonian (2)
˙ˆ
C = −ΓCCˆ + iΩCˆ′ + FˆC(t), (3)
where C,C′ = a, b (C 6= C′), Γa = γa/2 + i∆ and Γb=
γb/2 + iωb. The noise operators are described by the correla-
tions 〈Fˆ †C(t)FˆC(t′)〉 = γC n¯Cδ(t− t′). Here, γa,b are the de-
cay rates of collective-excitation modes a and b, respectively
(for simplicity, we adopt the same symbols as those of the
atomic levels |a0〉 and |b0〉), and n¯a,b = [exp(ωa,b/kBT ) −
1]−1 are the corresponding initial thermal populations with
T the initial temperature of the thermal bath. Although the
above quantum Langevin equation has vanishing steady state
solutions 〈aˆ〉 = 〈bˆ〉 = 0, the corresponding quantum rate
equations for the excitation numbers nˆC = Cˆ†Cˆ (C = a, b)
read
d
dt
〈nˆC〉 = γC(n¯C − 〈nˆC〉)−
(
iΩ〈Σˆ〉+ h.c.
)
, (4)
d
dt
〈Σˆ〉 = −ζ〈Σˆ〉+ ig(〈nˆb〉 − 〈nˆa〉), (5)
where Σˆ = aˆ†bˆ and ζ = (γa + γb)/2 + i(ωb − ∆). Here
we have used the non-vanishing noise-based relations [22]
〈F †C(t)Cˆ(t)〉 = γCn¯C/2.
The steady state solutions of the quantum rate equations
give the variation of final mean population n¯fb = 〈(bˆ† −
〈bˆ†〉)(bˆ − 〈bˆ〉)〉ss ≡ n¯b − ξ(n¯b − n¯a) with
ξ =
Ω2γa(γa + γb)
(γa + γb)2
(
Ω2 + γaγb4
)
+ γaγb(∆− ωb)2
.
Then, from the Bose-Einstein distribution, the effective tem-
perature Teff of mode b is expressed as
Teff =
ωb
kB ln(1/n¯fb + 1)
. (6)
For a simple case of ∆ = ωb (namely, the driving light is
exactly resonant to the atomic transition |b0〉 → |a0〉: ωd =
ωab), the nice cooling reaches with
n¯fb =
γbn¯b + γan¯a
γa + γb
≈ γb
γa
n¯b + n¯a (7)
in the strong driving strength limit Ω≫ γa, γb. For a realistic
atomic system, one has γa ≫ γb and n¯b ≫ n¯a (ωa ≫ ωb).
3Especially, when γb is sufficiently small such that γbn¯b ≪
γan¯a [23], the final mean population reaches its limit: n¯fb →
n¯limb = n¯a.
As mentioned above, the mean thermal population of mode
a is usually tiny, which means that the atomic collective-
excitation mode b can be cooled close to its ground state with
the final thermal population n¯fb → n¯a ≪ 1.
A physical explanation of the above results can resort to the
sideband-cooling-like mechanism (see Fig. 1(b)). The Jaynes-
Cummings (JC) term (aˆ†bˆ) causes the anti-Stokes transition
from |m〉a |n〉b to |m+ 1〉a |n− 1〉b, which will decay fast
to the state |m〉a |n− 1〉b. Thus, such a process makes the
lower-frequency oscillator b to lose one quantum and then re-
sults in its cooling. When the anti-Stokes transition is reso-
nantly coupled, namely, ∆ = ωb, or ∆c ≡ ωab − ωd = 0,
the best cooling happens with the corresponding optimal fi-
nal mean population (n¯fb) given by the initial population n¯a
of higher-frequency mode a. All in all, in order to reach the
optimal cooling of lower-energy collective-excitation mode b,
the following conditions should be satisfied: (i) strong enough
pumping light Ω ≫ γa, γb; (ii) the resonantly driving condi-
tion: ∆c ≡ ωab − ωd = 0; (iii) γb ≪ γa and n¯a ≪ n¯b (that
is, ωb ≪ ωa). It is notable that the above three conditions can
be met for experimentally accessible parameters of realistic
atomic systems [23].
It is seen clearly from the above analysis that the time-
dependent coupling between two large-detuned HOs could
cool down the lower-frequency one. This cooling model is
different from the existing mechanical cooling scheme based
on the optical radiation pressure [12, 13, 14, 15, 16], with an
external laser-driving. Nevertheless, we will show below that
these two cooling schemes may be generalized to a more uni-
versal model.
Generalized sideband cooling model of two coupled HOs.-
A naive cooling process could be realized when a hotter object
contacts directly with a cold one. If there exists no external
driving for two objects at the same initial temperature, it is ob-
viously impossible that the temperature of any one can change
via their direct interaction. But the situation changes dramat-
ically when we add an additional time-dependent driving or
manipulate the coupling between them to be time-dependent
in largely-detuned two coupled HOs. This kind of setup leads
to a more general sideband cooling framework.
Let us first consider two coupled HOs with large-detuned
frequencies (ωa ≫ ωb) as seen in Fig. 2(a). The free Hamilto-
nian reads Hˆ0 = ωaaˆ†aˆ+ ωbbˆ†bˆ. A time-dependent coupling
is generally expressed as Vˆ1(t) = g cos(ωdt)F1(aˆ†, aˆ)(bˆ† +
bˆ)/2, where aˆ† (aˆ) and bˆ† (bˆ) are the creation (annihilation)
operators of the oscillators a and b with g the coupling coef-
ficient between them and ωd the modulating frequency. Here,
F1(aˆ
†, aˆ) is a function of operators aˆ† and aˆ. For simplic-
ity, in what follows we consider only the simplest case of
F1(aˆ
†, aˆ) = aˆ† + aˆ, though a more general function (i.e.,
F1(aˆ
†, aˆ) =
∑
n cnaˆ
†n(aˆ† + aˆ)aˆn with cn dimensionless co-
efficients) would lead to a similar result. In the time-varying
frame reference defined by Rˆ(t) = exp(−iωdaˆ†aˆt), the ef-
FIG. 2: (Color online) Coupled two HOs (a and b) model. b is
the desired lower-frequency HO to be cooled. (a) The interaction
between the HOs is time-dependent modulated (∝ g cos(ωdt)/2);
(b) The coupling strength of the interaction between two HOs is
time-independent but there is an external time-dependent driving
(∝ f0 cos(ωdt)/2) on the higher-frequency mode a.
fective Hamiltonian of the coupled system reads
Hˆeff = ∆aˆ
†aˆ+ ωbbˆ
†bˆ+ g(aˆ† + aˆ)(bˆ† + bˆ), (8)
where the high-oscillating terms have been neglected and the
detuning ∆ = ωa − ωd could be negative when ωa < ωd.
Next we consider another type of two-HO system (see
Fig. 2 (b)): a general time-independent interaction is Vˆ2 =
g′F ′2(aˆ
′†, aˆ′)(bˆ′† + bˆ′) with g′ the coupling strength and
F ′2(aˆ
′†, aˆ′) being Hermitian, and a periodically driving field
on the higher-frequency HO reads Hˆd(t) = f0 cos(ωdt)(aˆ′†+
aˆ′)/2. In the time-varying frame reference defined by
Rˆ′(t) = exp(−iωdaˆ′†aˆ′t), the total Hamiltonian reads Hˆ =
∆0aˆ
′†aˆ′ + ωbbˆ
′†bˆ′ + g′F2(aˆ
′†, aˆ′)(bˆ′† + bˆ′) +f0(aˆ
′† + aˆ′)
with ∆0 = ωa − ωd after neglecting the high-oscillating
terms, where F2(aˆ′†, aˆ′) keeps the time-independent terms
in F ′2(aˆ′†eiωdt, aˆ′e−iωdt). Around some quasi-classical state
|Q〉 such that 〈Q| aˆ′ |Q〉 = α and 〈Q| bˆ′ |Q〉 = β, the
quantum dynamics is determined by an effective Hamilto-
nian Hˆeff = Hˆeff(aˆ†, bˆ†, aˆ, bˆ) with the displacement oper-
ators aˆ = aˆ′ − α and bˆ = bˆ′ − β for quantum fluc-
tuations. Then, when the displacements β and α take
the equilibrium values β = −F2(α, α)/ωb and α =
− [f0 + 2β∂αF2(α, y)|y=α] /∆0, the effective Hamiltonian
Hˆeff has the same form as that given in Eq. (8) with the
parameters ∆ = ∆0 + 2β
[
∂2F2(x, y)/∂x∂y
] |x,y=α and
g = g′∂αF2(α, y)|y=α. Therefore, these types of coupled
two-HO model should have the same cooling mechanism to
cool the lower-frequency HO mode.
We wish to point out that the optical radiation-pressure
cooling of mechanical resonator [13, 14, 15, 16], is just a spe-
cial case of the second type with F ′2(aˆ′†, aˆ′) = g′aˆ′†aˆ′. A
similar linearization [13, 16] of the effective Hamiltonian as
given in Eq. (8) was also mentioned in the optical radiation-
pressure cooling of mechanical resonator. Here we present
only the cooling limit (so-called sideband cooling limit) [24]
of the general coupled two-HO model:
n¯fb → n¯lim,sidb = n¯a +
γ2a
4ω2b
≈ γ
2
a
4ω2b
(9)
4in the resolved sideband case γ2a ≪ ω2b when ∆ =√
ω2b + γ
2
a ≈ ωb. Here the usual relation n¯a ≪ γ2a/4ω2b has
been used.
Although the above Hamiltonian (8) describes only a sim-
ple coupled two-HO system, it can capture the essence of al-
most all sideband cooling schemes. We need to emphasize the
necessarity of the time-dependence of modulating coupling or
external driving. It lies in a fact that, whenωa ≫ ωb, there still
exists the effective interaction for |∆| ∼ ωb (orωa±ωb ∼ ωd).
It is the effective resonance |∆| ∼ ωb that results in the side-
band transitions to cool down (or heat up) the oscillator b
(see Fig. 1(b) and (c)): the JC term (aˆ†bˆ) (associated with the
fast decay of mode a) denotes the cooling process of lower-
frequency oscillator b (|n〉b → |n− 1〉b); on the contrary, the
anti-JC term (that is, the anti-rotating term) (aˆ†bˆ†) denotes the
heating process of mode b (|n〉b → |n+ 1〉b). When the cool-
ing process dominates (e.g., when ∆c ∼ 0), the cooling of
mode b happens with the optimal cooling subject to the usual
sideband cooling limit (n¯lim,sidb ≈ γ2a/4ω2b ).
Comparing the cooling models described by the Hamiltoni-
ans (2) and (8), it is clear that the anti-JC terms (aˆ†bˆ† + h.c.)
are absent in the former describing the atomic ensemble.
Thus, due to absence of the heating process induced by the
anti-JC term during the resolved sideband cooling, the opti-
mal cooling of lower-frequency collective-excitation happens
at the exact resonant (∆c = 0) of (first) anti-Stokes transi-
tions and the corresponding cooling limit (n¯limb = n¯a) is cer-
tainly much less than that of the usual sideband cooling limit
(n¯lim,sidb ≈ γ2a/4ω2b ).
Conclusion.- We have established a theory to cool atomic
collective excitations in an optically-driven three-level atomic
ensemble. Such a cooling protocol is quite useful and promis-
ing in quantum information processing based on atomic col-
lective excitations, which breaks the usual sideband cooling
limit. Moreover, motivated by the optical radiation-pressure
cooling scheme of mechanical oscillator, we have also pro-
posed two generalized cooling types of the coupled two-HO
model: the first one possesses a time-dependent modulating
coupling coefficient between the HOs without the external
driving; while for the second one, an additional external time-
dependent driving on the higher-frequency HO is involved,
with the coupling coefficient between the HOs being time-
independent. In fact, the second type is a generalized model
of the optical radiation-pressure cooling of mechanical res-
onator. For both types, the lower-frequency HO can be cooled
in the resolved sideband cooling case with the usual sideband
cooling limit.
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